In this work we discuss the effect of quartic fermion self-interacting terms on the dynamically generated photon masses in 1ϩ1 dimensions, for vector, chiral, and non-Abelian couplings. In the vector and chiral cases we find exactly the dynamically generated mass modified by the quartic term while in the non-Abelian case we find the dynamically generated mass associated with its Abelian part. We show that in the three cases there is a kind of duality between the gauge and quartic couplings. We perform functional as well as operator treatments allowing for the obtention of both fermion and vector field solutions. The structures of the Abelian models in terms of vacua are also addressed. ͓S0556-2821͑97͒02208-X͔
I. INTRODUCTION
Two-dimensional models in quantum field theory provide rich situations where many interesting physical properties, which are common to higher-dimensional models, can be studied as screening, confinement, vacua, etc. The main advantage of modeling in low dimensions is that, in general, integrability can be improved as one lowers the dimensions. One of the best known of these two-dimensional models is the ͑vector͒ Schwinger model ͓1͔ which was solved using the operator approach in the classical paper by Lowenstein and Swieca ͓2͔. A functional solution to it, using the Fujikawa's method ͓3͔, was also given later ͓4͔. The introduction of a consistent model with anomalously broken gauge symmetry, the chiral Schwinger model ͓5͔, renewed the interest for gauge theories in two dimensions ͓6͔. The generalization to arbitrary left and right coupling in ͓7͔ was particularly studied using the interaction picture method for obtaining the bosonized Lagrangian in ͓8͔.
On the other hand, the study of purely fermionic interacting models has been also developed since the introduction of the Thirring model ͓9͔ that was completely bosonized in the classical paper by Klaiber ͓10͔. Later on, there was a growing interest in discussing generalizations to non-Abelian fermionic models as in the one proposed by Gross and Neveu ͓11͔, which is exactly solvable in the large N limit. The study of the chiral Gross-Neveu model was performed by adding the interaction with an Abelian gauge field ͓12͔ or with diagonal SU(N) gluon fields ͓13͔. These embeddings shed some light on the dynamical mass generation mechanism of the Gross-Neveu model. In these cases the Gross-Neveu model is not completely solvable through the bosonization formalism and the U͑1͒ scalar field that couples to the Abelian gauge field is a free one decoupled from the interacting infrafermions.
Another important development in two-dimensional field theory was gained with the string and superstring theories, since the manifold of these objects are two dimensional and the machinery for this specific dimension, as conformal invariance could be plainly used ͓14͔. In particular, the interest for these theories was recently renewed by the discovery of duality in the supersymmetric formulation ͓15͔.
Our aim here is to study two-dimensional models where fermions couple to gauge fields and to themselves via a quartic interaction, mainly to see the effect of the fermion selfcoupling in the dynamically generated mass and also to discuss the physical properties of these models, which may differ from the original ones, without quartic interaction. Incidentally, the scalars that will be coupled to the gauge fields will be affected by the quartic interactions.
We first take, in Sec. II, the vector Schwinger model and add a J J interaction. We solve it exactly by the functional method, using an identity, with the introduction of an auxiliary gauge field, which turns the self-interaction term into a modified gauge coupling. We find that the mass acquired by the vector field is modified by the original self-interaction coupling. Then, in Sec. III, we study an analogous extension for the chiral Schwinger model by introducing also a selfinteraction fermion term. Although there is no quartic fermi-onic term preserving chirality for free fermions, the ambiguity in the definition of the Jacobian of the functional measure makes it worthwhile to consider this model, for which we also find exact solutions. Next, in Sec. IV, we discuss the case of non-Abelian fermions coupled to non-Abelian vector fields. In contrast with the Abelian cases, this one is not exactly solvable; however, we can determine again the dynamically generated mass taking into account only the Abelian part of the gauge fields.
We find in these three situations a kind of duality between the electromagnetic e and the quartic self-interaction g couplings.
To get more confidence of these results, we also study the vector and chiral ͑Abelian͒ models in the operator formalism for which explicitly solutions are obtained, in Secs. V and VI, respectively. This treatment allows the obtention of the fermionic correlation functions and gives the spurious operators related to the vacua. We find that the physical properties of the models with quartic self-interaction are similar to the ones in the models in which they are not present. Specifically, in the vector case there are operators which violate the cluster property and so, for consistency, it is necessary to define a vacuum. However, the spurious operators which determine these physical properties depend on the self-interaction coupling and are not chirally invariant as usual. In the chiral case the vacuum is absent as in the case without self-interaction. Finally, in Sec. VII, we present our conclusions.
II. THE VECTOR MODEL
For the vector gauge model in two dimensions with massless fermions, we have that the Lagrangian density, in Euclidean space within the topological trivial sector, can be written as
where F ϭ‫ץ‬ A Ϫ‫ץ‬ A . Using the identity
͑2.2͒
it turns to be ͑in the Lorentz gauge͒
This model is a special case of the one analyzed in ͓16͔. Now, doing the transformation A ϭĀ ϪB , where B ϭgB , the Lagrangian density becomes
where M ϭ‫ץ‬ B Ϫ‫ץ‬ B . In order to decouple the fermions and the gauge fields Ā and B , we decompose the last two into their longitudinal and transversal parts through
and perform the transformation
The corresponding nontrivial Jacobian is given by
where is the arbitrary regularization parameter. In this work we will restrict ourselves to ϭ1. So, we get 
͑2.11͒
the Lagrangian density ͑2.8͒ decouples when we choose tanϭ1/a, so that we find
͑2.12͒
From this Lagrangian density we can infer the fundamental propagators of the theory, e.g., for the photon propagator we have
͑2.13͒
Using the two-dimensional identity ⑀ ⑀ ϭ␦ ␦ Ϫ ␦ ␦ , we obtain explicitly
͑2.14͒
where the dynamically generated mass is given by
Here, we can see the effect of the fermion self-interaction on the dynamically generated mass m, keeping the gauge constant e fixed and varying the quartic coupling constant g. So, for a vanishing g, one recovers the usual Schwinger mass ͓1,2,4͔, and for the strong g coupling one gets
showing a duality between the quartic and gauge coupling in the sense that the model with strong g coupling has its vector field correlation functions equal to the ones of the Schwinger model with small electromagnetic coupling. This kind of duality also appears in the other models with quartic fermion self-coupling that we are going to describe, suggesting that this is a general behavior of these couplings rather than a particular model property.
III. THE CHIRAL MODEL
Let us now discuss the fermion self-interaction effect on the chiral massless two-dimensional electrodynamics. This discussion follows closely that of the previous section so we will skip many details. The Lagrangian density in this case can be written as
͑3.1͒
In order to rewrite the fermion self-interaction with the aid of an auxiliary field, we use the identity
which after substitution in L chiral and the transformation A ϭĀ ϪB , where B ϭgB , it becomes
Decomposing the boson fields in its longitudinal and transversal parts ͑2.5͒ and doing the transformation on Fermi fields
we find a nontrivial Jacobian given by
͑3.5͒
where ␣ and ␤ are the arbitrary regularization parameters in this case. Bringing back these results into L chiral , we find the effective Lagrangian density
Introducing the auxiliary field A and doing the translation
with the choice bϭ(␣Ϫ␤)/2␣, in order to cancel the crossing term between A and A , we find the Lagrangian density
Comparing this Lagrangian with the one given for the vector model ͑2.8͒ and noting that the dependence on A can be absorbed in the normalization constant, we see that one can relate the vector model with this one with the substitution
Consequently, after a rotation analogous to Eq. ͑2.10͒, in order to decouple A and B , we find that the dynamically generated mass for the chiral model is given by
This mass is regularization dependent (␣ and ␤) as happens in the original Jackiw-Rajaraman model ͓5͔. We can reobtain their standard result letting g→0 ͑see also ͓18͔͒. For the strong coupling limit (g→ϱ), one gets the same kind of duality as that for the vector model ͑2.16͒, of the previous section.
IV. THE NON-ABELIAN CASE
Let us now extend the previous discussion on quartic fermion self-interaction in the vector model to the nonAbelian case. So, we start here with the Lagrangian density
where a ,(aϭ0,1, . . . ,N 2 Ϫ1) are the generators of the U(N) group, F ϭ‫ץ‬ A Ϫ‫ץ‬ A ϩe͓A ,A ͔, and transform under U(N) group, and we decompose the gauge field into its Abelian and non-Abelian parts A ϭA 0 0 ϩA a t a , where t a ϭ a ,(aϭ1,2, . . . ,N 2 Ϫ1) generate the SU(N) group and 0 ϭI/ͱN(trt a t b ϭ␦ ab ). Contrary to the previous cases, the non-Abelian case is not exactly solvable, as happens for other non-Abelian twodimensional models ͓19͔. However, one can factorize the Abelian part of the Lagrangian and take its contribution exactly, analogously to the approach of Furuya et al. for the chiral-invariant Gross-Neveu model ͓20͔. As we will see, this contribution will imply a mass which also depends on the non-Abelian gauge group constant N.
Using the identity ͓20͔
ͪͬ ,
͑4.2͒
where B ϭB 0 I/ͱNϩB a t a with the same symmetry group of the field A , so that
the Lagrangian density becomes ͑apart from source terms͒
͑4.4͒
Now, doing the transformations B ϭ(g/eͱN)B and A ϭĀ ϪB , we have
͑4.5͒
where we defined
and the crossing noncommuting terms are given by
͑4.8͒
Following similar paths as that of the Abelian cases, we redefine the fields as
͑4.11͒
In this way, we can decouple the U͑1͒ sector of the theory:
where D " Јϭi‫ץ‬ " ϪeA "Ј,Ā Ј ϭĀ a ,aϭ1, . . . ,N 2 Ϫ1, and the last term of the Lagrangian density comes from the Abelian part of the nontrivial Jacobian associated with transformations ͑4.9͒-͑4.11͒ ͓4͔.
Decomposing the Abelian part of gauge fields as
we can write explicitly
where ͑apart from harmonic excitations and source terms͒
which is completely analogous to the vector model discussed above apart from the dependence on the rank of the nonAbelian group SU(N). Note that L non-Abel retains all other terms present in Eq. ͑4.12͒. Doing the transformations
and a rotation analogous to Eq. ͑2.10͒ with tanϭ1/a N , we find
͑4.17͒
where the dynamically generated mass in this case is given by
From this result, one can see that in the weak coupling limit, g→0, we reobtain the Schwinger mass ͑2.15͒. This is, in some sense, expected since we have only calculated the Abelian contribution to the dynamically generated mass. In the strong coupling limit (g→ϱ), we also find a reduction in the mass analogous to the Abelian vector case, Eq. ͑2.16͒, and the duality between weak gauge coupling and strong quartic self-coupling. In addition, in this non-Abelian case we find a dependence on the group rank parameter N. For large N, the contribution of the quartic self-interaction term disappears and we recover again the Schwinger mass, which shows that this non-Abelian model in the strong coupling limit resembles, in some sense, the large N limit of QCD 2 ͓19͔. Note also that the large N and the weak g limits are equivalent.
V. OPERATOR SOLUTION OF THE VECTOR MODEL
Let us discuss the vectorial case ͑the left and right couplings are equal͒ and avoid the anomaly keeping the gauge invariance in the bosonization of the model. The Lagrangian density will be, in this case,
Analogously to the solution of the Thirring model from the free fermionic model, we will use the interaction picture ͓21͔ using as free model the Schwinger model ͓2͔.
The solution of the Schwinger model in the Lorentz gauge is
Here, ␣ 1 is a canonical scalar field with mass mϭe/ͱ,␣ 3 is a canonical massless field, and ␣ 2 the same, but with negative metric, while is an infrared regulator. The Maxwell equation in the physical subspace is satisfied with the current
These fields define the operator solution to the above Lagrangian in the interaction picture. To boost them to the Heisenberg picture while keeping the Lorentz invariance, it is necessary first to verify the validity of the Schwinger condition. This requires that the energy-momentum tensor satisfies the commutation relation ͓⌰ 00 (x),⌰ 00 (y)͔ ϭı͓⌰ 01 (x)ϩ⌰ 01 (y)͔‫ץ‬ x ␦(xϪy) ͓21͔. The Schwinger model
is easily seen to verify this condition. The only nonvanishing term in the interaction energy-momenta tensor is
where the factor b would not appear if we naively computed current-current product in the interaction picture. Requiring the validity of the Schwinger condition, we fix the value bϭ1/(g 2 /ϩ1). This same phenomenon of introducing an apparently noncovariant definition of the interaction appears in the analogous treatment to the Thirring model ͑without the gauge field͒ and the value of b turns out to be the same ͓21͔. Now, we take the free Hamiltonian expressed in terms of the fields ␣ i and their conjugate momenta ⌸ i ͑note that ⌸ 2 ϭϪ␣ 2 ), add the interaction term resulting in a Hamiltonian that, in spite of quadratic, has crossed terms among all fields and all momenta. In the Heisenberg picture the new definition of the momenta can be obtained inverting the canonical equations ‫ץ(‬ t ␣ j ϭ‫ץ‬ ⌸ j H). They are
Now, the original variables ␣ i are not free fields. Let us then perform a generic linear transformation to new variables. Requiring canonical commutation relations for these new fields, we chose the transformations as:
Substituting these definitions in the Hamiltonian results in:
We see that 1 is a canonical field with mass equal to m(g)ϭm/ͱ1ϩg 2 /, 2 is a negative metric, and 3 a positive metric canonical massless field. This mass coincides with the one in Eq. ͑2.15͒ when ϭ1. The solution of the model is obtained from the free one, upon the substitution of the old phase space variables by the new ones. The result is
From them any correlation function may be easily computed.
The current cannot be obtained simply taking the free one and substituting the old fields and momenta by the new ones. As in the Thirring model case, we have to redefine the J 1 component with a 1/ͱ1ϩg 2 / factor. Only after that the current becomes vectorial and results in
This current can be also obtained computing the short distance gauge-invariant operator product of the fermion fields and normalizing them to have a vectorial field. We can verify that the Dirac equation becomes satisfied, ıD " ϭg 2 J " . The vector field satisfies the equation
As in the Schwinger model, the L current is a null metric field. The Maxwell equation is obeyed in the physical subspace where the expectation values of this current are zero:
In order to obtain the spurious operators, one can consider the operators that would result from a gauge transformation:
From Eqs. ͑5.19͒, we see that the fermion operators violate the cluster property. As the field 1 belongs to the operator algebra of the model ͓17͔, we can factorize its contribution out of the fermionic fields. The resulting operators commute with the null metric current L and have constant correlation functions. They define the two spurious operators after the introduction of interaction:
These operators expose the origin of the violation of the cluster property. In order to restore it, one should define the vacua. As in the Schwinger model, this would lead to a set of degenerate vacua. The spurious operators 1 and 2 differ from the ones in the Schwinger model as they are not chiral, however. The effect of the interaction appears in their dependence at the same time of the right and left light-cone variables. The dependence of the solution on the light-cone variables can be clarified with one question: The operators j are not chiral, but are functions of them that depend only on left or right variables? For the answer, note that the general spurious operator will be an arbitrary integer power of these. Taking, for instance, 1 n 1 2 Ϫn 2 and requiring no dependence on xϪt, results that n 1 /n 2 shall equal g/(gϩ2). When gϭ0, this means that 2 is chiral. In the generic case this equation cannot be satisfied, as g may be an irrational number. Nevertheless, as the rationals are dense in the reals, there will ever be a value of g arbitrarily close to any prescribed value that makes it possible to construct chiral spurious operators. On the other hand, we could deal only with the operators present in the algebra of fields of the model and avoid the introduction of the gauge transformation leading to the pair of spurious operators. In this case, the unique spurious operator will be 1 † 2 where the effect of interaction will show up in its dimension being changed.
Let us now construct the generators of gauge transformations of the model. Following ͓22͔ we take the generators of gauge transformation of the Schwinger model and boost them to the Heisenberg picture. In the interaction picture one has
͑5.22͒
where ␣ 3 (x)ϭϪ͐ x ϱ dy 1 ⌸ 3 () and ␣ 2 (x)ϭ͐ x ϱ dy 1 ⌸ 2 (). Performing the change to the Heisenberg picture and expressing in terms of the new variables, we obtain the generators of gauge transformations in the interacting model:
͑5.23͒
Commuting with the fields, we can ascertain that these are the correct generators of the gauge transformations:
͑5.25͒
Following ͓12͔, we define Ϫ1/2 (y 0 ,y 1 )ϭϪ⌰(y 0 Ϫy 1 Ϫx Ϫ ) and 1/2 (y 0 ,y 1 )ϭϪ⌰(y 0 ϩy 1 Ϫx ϩ ). Taking 1 ϭ(1ϩg 2 /2) 1/2 ϩ(g 2 /2) Ϫ1/2 , we see that this generator reduces to the spurious operator 1 , while 2 ϭ(1ϩg 2 /2) Ϫ1/2 ϩ(g 2 /2) 1/2 leads to the 2 operator. As in the Schwinger model, the screening is due to the disappearance, after the switching to the vacua, of the physical states carrying quantum numbers associated to the generators of U͑1͒ and chiral U͑1͒ gauge transformations. The difference is that the basic generators are not chiral any more. In any case, looking at the true spurious operators obtained with the fields that define the gauge-invariant algebra of the operators of the model, 1 * 2 , we see that they are, as in the Schwinger model, functions of the scalar operator 2 Ϫ 1 and not of their chiral components. Let us note that, although the vectorial field expression could be obtained directly from the Schwinger model vector field through a simple redefinition of the electric coupling constant, as shown in the second section, the fermionic field cannot be obtained so simply with the same transformation. Further, the gauge-invariant interacting two-point fermionic functions cannot be obtained from the ones in the Schwinger model through such a transformation. The effect of the interaction after quantization is to define a new class of models.
The value of the chiral anomaly can now be computed taking J 5 ϭ⑀ J . We have
The spatial integral of J 5 0 gives not properly the chiral transformation generator Q 5 . To have ͓Q 5 ,͔ϭı␥ 5 , the current should be multiplied by 1ϩg 2 /, reflecting directly in the value of the anomaly.
VI. OPERATOR SOLUTION OF THE CHIRAL MODEL
Let us turn now to operator solution of the Abelian chiral case. The fermionic Lagrangian is
where D " (ϩ) ϭ␥ ‫ץ‬ ϩı␥ A (1ϩ␥ 5 ) and it is convenient to define the coupling through Gϭg 2 a/. In this case, it is more straightforward to bosonize directly the Lagrangian obtaining the equivalent model
In the operator approach the bosonized expression of the current depends largely on the regularization used on its computation. We choose the current that would appear in the Maxwell equation in the gϭ0 model. Namely, we take ␥ (1ϩ␥ 5 )ϷJ ϭ(Ϫ1/ͱ) ‫ץ(͓‬ ϩ‫ץ‬ )ϩ(ea/ͱ)A ͔. This regularization differs from the one used in the computation of the J A term as the contribution of the very vector field to it is taken with different weight. We could have worked with the same regularization without changing the main course of arguments, but the expressions involved would be unnecessarily cumbersome to read. Substituting A ϭ‫ץ‬ ϩ‫ץ‬ in the Lagrangian and changing variables to
where the mass m g ϭeͱ1ϪGa/ͱaϪ1ϩGͱ coincides with the one computed in Eq. ͑3.9͒ upon properly choosing the parameters ␣ and ␤. The solution of the higher derivative field is well known ͓8͔, leading to ϭ( 2 Ϫ 1 )/m g where the field 1 has mass m g and positive metric, while the massless field 2 is quantized with negative metric. The solution of the model is obtained expressing the free fermionic field in terms of and its momentum and substituting the latter by ‫ץ‬ L, so we find
͑6.8͒
The Dirac equation will read ı‫ץ‬ ϩ 2 ϭ0 and (ı‫ץ‬ Ϫ Ϫ2 A Ϫ Ϫ2g 2 J Ϫ ) 1 ϭ0. The Maxwell equation will be ‫ץ‬ F ϭe(1ϪG)J ϩe(1ϪG)L , where the current is
and the null metric current given by
determines the physical subspace out of the complete Hilbert space. The physical fields turn out to be 1 and hϭ 3 Ϫ͓e(1ϪG)/ͱ͔ 1 ϩͱ(1ϪG)/(aϪ1ϩG) 2 . It is interesting to note that the introduction of the current-current interaction in this case can be completely accommodated in a redefinition of the parameters of the original (gϭ0) Lagrangian. Indeed, making e→e(1ϪG) and a→a/(1ϪG) in the chiral Schwinger model solution leads us directly to the interacting (g 0) model solution. This can be understood as a consequence of the fact that the interaction term J J would be naively zero if one used the chiral current expressed only in terms of the fermion fields, as this product would be identically zero. What makes this interaction different from zero is exactly the ambiguity in the definition of the currents present in the chiral Schwinger model. This phenomenon has its correspondence in the functional formalism in the fact that the introduction of an identity, 1ϭexp(͗J J ͘), in the integrand together with the ambiguities in the Jacobian leads to the redefinition of the parameters of the model. It is important to note that in the chiral case we cannot define an spurious operator in terms of the algebra of operators that are observables of the theory. There is no vacuum in this case, as happens in the usual chiral model, without quartic interaction.
VII. CONCLUSION
We have analyzed the effect of current-current coupling in some models of fermion fields interacting with gauge fields. In the three cases ͑vector, chiral, and non-Abelian models͒, we find that the dynamically generated mass is modified by the quartic self-interaction coupling. The three models also show a kind of duality between the gauge and quartic couplings. The gauge field correlation functions in the weak gauge (e→0) coupling are the same as the ones in the strong (g→ϱ) quartic coupling. Whether this relation between gauge and quartic couplings also appears in higher dimensions deserves to be further investigated, but the question of renormalizability in this case will be a drastic one.
Furthermore, in the non-Abelian case, the dynamically generated mass is also dependent on the gauge group rank N and displays additional interesting limits. For the large N limit, the mass reduces to the usual Schwinger one, resembling the exact solvability of large N QCD 2 .
Specifically, in the case of the vector model the introduction of the g coupling changes the mass acquired through the Schwinger mechanism. Using functional methods, we computed the vector field correlation functions. Using operator methods, the fermions and vector fields are obtained confirming the results in the functional treatment. The Maxwell equations are obeyed in the physical subspace, where the null metric current that depends explicitly on g has vanishing correlation functions. The spurious operators were then constructed, leading to vacua. They are shown to be related to the gauge generators of the model whereupon the same screening mechanism is observed. The chiral anomaly is computed and shows the dependence on g. These results complement the approach in ͓23͔ where the order-disorder variables of some two-dimensional models are studied. The decoupling of the Abelian gauge field in non-Abelian models with current-current interaction is obtained in analogous fashion to the gϭ0 case.
In the chiral case, in contrast with the vectorial Schwinger model, the introduction of the coupling can be accommodated in a redefinition of the parameters of the chiral Schwinger model. Although the g interaction Hamiltonian would be identically zero if there were no gauge interaction, it survives quantization as shown in the functional and operatorial formalism. In the first case, it occurs through the arbitrariness in the definition of the Jacobian in the decou-pling transformation and in the operatorial case, it occurs through the arbitrariness in the definition of the currents. This phenomenon should be taken as an alert to the care one should have when dealing with interacting fields. For instance, if instead of considering the chiral model, one deals with the generalized one, with arbitrary left and right couplings, the current-current term would not be identically zero. By continuously changing the couplings to approach the model to the chiral model, one should expect the quartic interaction to disappear only if there is no gauge interaction present, or by carefully dealing with the Jackiw-Rajaraman ambiguity term.
